The prediction of formation and early growth of microstructurally small fatigue cracks requires use of constitutive models that accurately estimate local states of stress, strain and cyclic plastic strain. However, little research has attempted to systematically consider the sensitivity of overall cyclic stressstrain hysteresis and higher order mean stress relaxation and plastic strain ratcheting responses introduced by the slip system back-stress formulation in crystal plasticity, even for face centered cubic (FCC) crystal systems. This paper explores the performance of two slip system level kinematic hardening models using a finite element crystal plasticity implementation [1] . The two kinematic hardening formulations aim to reproduce the cyclic deformation of polycrystalline Al 7075-T6 in terms of both macroscopic cyclic stress-strain hysteresis loop shape, as well as ratcheting and mean stress relaxation under strain-or stress-controlled loading with mean strain or stress, respectively. The first formulation is an Armstrong-Frederick type hardening-dynamic recovery law for evolution of the back stress [2] . This approach is capable of reproducing observed deformation under completely reversed uniaxial loading conditions, but overpredicts the rate of cyclic ratcheting and associated mean stress relaxation. The second formulation corresponds to a multiple back stress Ohno-Wang type hardening law [3] with nonlinear dynamic recovery. The adoption of this back stress evolution law greatly improves the capability to model experimental results for polycrystalline specimens subjected to cycling with mean stress or strain. The relation of such nonlinear dynamic recovery effects are related to slip system interactions with dislocation substructures.
Introduction
The over-prediction of cyclic strain accumulation or ratcheting under mean stress loading by the Armstrong-Frederick (AF) rule under asymmetric loading has been widely noted in the literature regarding J2 plasticity [3] [4] [5] [6] [7] . Thus, a similar concern is expected for an Armstrong-Frederick hardening law framed at the slip system level in crystal plasticity. However, few studies have investigated the model-form error of slip system level kinematic hardening laws in polycrystal plasticity due to the difficulties in identifying the relative roles of intergranular and intragranular contributions to back stress. Indeed, grain orientation and misorientation distributions can induce significant back stress contributions to polycrystalline stress-strain response in crystals with strong elastic anisotropy and/or low symmetry slip systems, for example HCP crystals. But Al alloys have mild elastic anisotropy and high symmetry FCC lattices that do not exhibit such pronounced intergranular interactions. Further, precipitate strengthened Al alloys are expected to manifest significant slip system level back stress by 2 virtue of the internal stresses developed via dislocation-precipitate interactions. Therefore, the form of the kinematic hardening law at the slip system level is critical in modeling the constitutive response of this alloy system. In an effort to improve the ability to address not only first order stress-strain hysteresis behavior but also higher order phenomena such as ratcheting under applied mean stress and mean stress relaxation during cycling with a mean strain, another model is considered for the back stress evolution. This model corresponds to an extension of the work of Ohno and Wang for J2 plasticity [3] in accordance with the macroscopic model proposed by McDowell [4] . It is argued that consideration of ratcheting and mean stress relaxation is much more demanding in terms of slip system level model form, as necessary to address local states to evaluate crack formation in fatigue, for example.
Prior work using the crystal plasticity finite element method (CPFEM) for modeling response of polycrystalline Al 7075-T6 has considered isotropic hardening arising from dislocation/precipitate interactions, such as Orowan looping and forest dislocation strengthening [8] [9] [10] [11] . Although such an approach can be fit to limited experimental data in terms of cyclic peak stresses, obtaining agreement in terms of the shape of the cyclic stress-strain curve is difficult without the adoption of kinematic hardening. When the slip system relation does not explicitly include kinematic hardening, the apparent kinematic hardening of simulated polycrystalline response emerges from intergranular interactions and is relatively weak for Al alloys. Wang et al. [12] and Johnston et al. [13] employed such an approach with combined isotropic and Armstrong-Frederick kinematic hardening. However, polycrystalline simulations we have conducted using the forms and parameter values published by Johnston et al. [13] were unable to match experimental cyclic stress-strain data due to the dominance of isotropic hardening over a slowly evolving kinematic hardening response. Review of previous CPFEM modeling work applied to Al 7075-T6 reinforces the need for significant levels of kinematic hardening at the slip system level to properly account for cyclic strain accumulation and cyclic plasticity at both the microscale and macroscale.
The crystal plasticity kinematics and slip system flow rule are first summarized, followed by the slip system kinematic hardening laws, computational setup, and model calibration schemes. The performance of the two models is compared, focusing on the ability of the Ohno-Wang model to match experimental stress-strain data under a wide range of loading conditions, including completely reversed stress-strain hysteresis loops as well as ratcheting and mean stress relaxation behaviors. Finally, a discussion of the results and implications from this work are presented, including an interpretation of origin of the nonlinear dynamic recovery characteristics of the Ohno-Wang model in terms of dislocation substructure evolution.
Constitutive Framework
The kinematic framework of the crystal plasticity formulation [14] 
The plastic velocity gradient in the current configuration relates to the plastic velocity gradient of the intermediate configuration through the expression,
In Eqns. (1)- (2) 
where C is the 4 th rank elasticity tensor and the elastic Green strain tensor is defined by,
Small elastic strain is typical, consistent with the linear relation in Eqn. (3) . The Cauchy stress ( ) is related to the 2 nd Piola-Kirchhoff stress tensor via,
The resolved shear stress on slip system
The shearing rate on slip system  is related to the resolved shear stress through the flow rule, M is the inverse strain rate sensitivity exponent. The kinematic hardening rate, i.e., evolution of the back stress, depends on the shearing rate on the current slip system and the current back stress. Additionally, both models assume that the drag stress on each slip system is held constant throughout the simulation, i.e., o gG   ; isotropic hardening is neglected, representative of cyclically stable stress-strain response (cyclic softening or hardening transients due to the development of dislocation structures are neglected). The back stress evolution is assumed to be of purely self-hardening type.
The first model assigns the slip system back stress evolution to follow an Armstrong-Frederick [2] hardening-dynamic recovery form, i.e., 
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The second model incorporates a multiple back stress Ohno-Wang [3] type evolution law, adapted in essence to the crystal plasticity setting from a macroscopic model introduced by McDowell [4] . The evolution of slip system back stress in this model form is given by,
Here, the total back stress is decomposed into two components (i = 1, 2). Exponent mm  for both terms of the back stress evolution; in general, different values could be used, but our objective is to assess model-forms rather than parameter optimization. The two kinematic hardening forms considered in this paper will be referred to as "AF" for the Armstrong-Frederick hardening law (Eqn. (8) ) and "OW" for Ohno-Wang type back stress evolution model (Eqn. (10)).
Model Calibration
The elastic stiffness tensor, ijkl C , is identical for both models. Here, we adopt the values for Al 7075-T6 from Bozek et al. [9] , which provide good agreement with experimental results within the elastic regime. All material constants pertain to room temperature behavior. The values of the cubic crystal elastic constants are given by C11 = 107.3 GPa, C12 = 60.9 GPa, and C44 = 28.3 GPa. For all models,
The inverse strain rate sensitivity exponent in the flow rule was assigned as M = 150 for model AF and M = 75 for model OW. A lower value of M was employed for the OW model than for the AF model in order to improve convergence, and had a negligible effect on the constitutive response under quasi-static loading within the strain ranges of interest at room temperature. For comparison, Bozek et al. [7] employed an inverse strain rate sensitivity exponent of 200.
The initial fitting of both models was conducted by comparing to completely reversed, cyclic stress-strain data obtained by Arcari [15] at strain amplitudes of 1% and 1.8%; we assume that these responses are close to a cyclically stable condition. The simulations performed to match these results were conducted using a single cubic, periodic microstructure instantiation with approximately 700 equiaxed grains with a 14 µm mean grain diameter and random orientation distribution, as shown in Figure 1 . This model is regarded as large enough to constitute a representative volume element (RVE) for purposes of reproducing cyclic stress-strain response, but is not necessarily large enough to serve as a RVE for assessment of fatigue crack formation based on local cyclic plastic strain states within individual grains. The side length of the cubic RVE was 100 µm and the element size was 5 µm (for a total of 8000 elements). The microstructure instantiation was subjected to uniaxial, quasi-static, straincontrolled cyclic loading with 3D periodic boundary conditions. Figure 2 compares the experimental uniaxial cyclic stress-strain data of Arcari [15] and simulation results for each of the two slip system constitutive models; corresponding model parameters are listed in Table 1 . Both models adequately match the shape of the experimental hysteresis loops used for calibration. These results could only be achieved by introducing kinematic hardening relations at the slip system level. Indeed, intergranular interactions alone cannot reproduce the necessary levels of back stress in the hysteresis behavior. This contrasts with modeling the response of duplex Ti-6Al-4V [16] [17] , for example, in which the low symmetry HCP alpha phase interacts with dual alpha-beta phase colonies to produce suitable macroscopic cyclic stress-strain responses without the need for significant slip system level kinematic hardening. Figure 3 illustrates the peak stress vs. peak strain response over a span of applied strain amplitudes considered for calibration. The experimental data in Figure 3 were obtained by Renard et al. [18] and correspond to completely reversed, constant amplitude, strain-controlled uniaxial loading for individual experiments on polycrystalline specimens for applied strain amplitudes over a range from 0.2% to 2%. The semi-log plot in Figure 3 reveals close agreement between the plastic strain amplitudes predicted by the OW model and the experimental data over the entire range of peak stresses considered. For the AF model, however, the simulated plastic strain amplitude and the experimental results diverge significantly below a peak stress value of 280 MPa (corresponding to an applied strain amplitude of 0.4%). The OW model captures plastic strain amplitudes at and below applied strain amplitudes of 0.4% through the use of a much lower value of drag stress (35 MPa compared to 130 MPa in the AF model) coupled with a very rapidly evolving first back stress term. The use of a multiple component back stress evolution in the OW model (Eqn. (10)) decouples the back stress response into short range components (quickly evolving terms that control the response at small cyclic strains) and long range components (slowly evolving terms that control the response at larger cyclic strains). This attribute provides a key capability to model both overall hysteresis loop shape and the ratcheting rate, as discussed in the next section. The ability to reproduce cyclic plastic strains at low strain amplitudes is critical for modeling fatigue crack formation and early growth in the high cycle fatigue regime. Furthermore, varying the value of i m for both back stress components within the OW model has only a small effect on the simulated cyclic stress-strain response under completely reversed loading. It is observed that simulations using values for 12 mm  > 30 produce nearly indistinguishable results.
Model Response to Asymmetric Cyclic Loading
Considering Figures 2 and 3 , the OW model is able to reproduce the completely-reversed cyclic stress-strain response at low strain amplitudes more accurately than the AF model. A more demanding assessment of the models should also consider the responses related to progressive cyclic plastic strain accumulation (ratcheting) for stress-controlled cyclic loading under non-zero mean stress, as well as the response of mean stress relaxation under strain-controlled loading with mean strain. Surprisingly, almost no experimental data are available in the open literature for asymmetric strain-or loadcontrolled cycling in the form of complete hysteresis loops (like those used to fit the completely reversed cyclic response) for Al 7075-T6. Experimental mean stress relaxation data obtained by Arcari et al. [19] were used to assess the accuracy of the simulated cyclic stress-strain response in the presence of a mean stress or strain, and to fit the value of Several key differences between the responses of the models are apparent in Figure 4 . Perhaps most striking is the difference in degree of ratcheting predicted by the models. The AF model predicts ratchet strain per cycle approximately five times larger than the cyclic plastic strain range, while the OW model predicts ratcheting strains that are only a small fraction of the predicted cyclic plastic strain range, thus producing the overlapping hysteresis loops. In addition, the cyclic yield levels suggest that the back stress is significantly underestimated by the AF model. Note that the OW model predicts a larger cyclic plastic strain range under these loading conditions, in agreement with the experimental results shown in Figure 3 .
Differences in the rate and extent of mean stress relaxation between the two models are difficult to observe over the three cycles shown in Figure 4 . Therefore, Figure 5 plots mean stress relaxation data for Al 7075-T6 measured by Arcari et al. [19] against simulated results using the two models over 100 computational cycles. The data published by Arcari et al. [19] considered 4000 experimental loading cycles, which is on the order of the fatigue life of the specimen when loaded at a strain amplitude of 0.4% with a mean strain 1.4%. Recall that the model assumes that the hysteresis loops in Figure 2 corresponds to cyclically stable conditions. Thus, the transient response associated with mean stress relaxation for strain-controlled loading with mean strain (or the complementary behavior of cyclic strain ratchetting under stress-controlled loading with mean stress) is governed by the lack of hysteresis loop closure under asymmetric loading conditions. Such a behavior is controlled by the form of the slip system kinematic hardening relation. Accordingly, the experimentally measured mean stress relaxation response has longer range transients in terms of cycle count than those of the computational model, and the initial values of slip system strength in the model at these strain amplitudes are a slightly higher than their initial values of material used in experiments; the model should be regarded as an accelerated approach to cyclic stabilization, with more interest devoted to the extent of mean stress relaxation than the observed rate. Accordingly, experimental results in Figure 5 are scaled for comparison such that each computational cycle represents 40 experimental loading cycles. Clearly, access to more complete data regarding initial values and transients for mean stress relaxation of this alloy system would be useful. Both the AF and OW models result in an initial mean stress that is higher than the experimental results reported by Arcari et al. [19] , as shown in Figure 5 , but predict a wide range of mean stress relaxation behavior depending on model parameters in the OW model. Figure 5 shows that an increase in i m reduces the extent of mean stress relaxation, but has little effect on the initial mean stress produced by initial straining. Note that the AF model dramatically over predicts the degree of mean stress relaxation by almost 100 MPa (even though the overall hysteresis loop shape was captured under completely reversed loading), while the OW model with 12 mm  = 70 matches the experimentally mm  ranging from 100 to 400 all result in simulated mean stress relaxation that is of the same order of magnitude as the experimental data. The AF model, by contrast, is clearly in error by an order of magnitude in its over-prediction of the extent of mean stress relaxation. Figure 6 presents a semi-log plot of the decay of ratcheting strain per cycle over 100 computational cycles for the AF and OW models with varying values of i m for the OW model, for the loading conditions εa = 0.4%, εmean = 1.4%, and Rε = 0.556. Figure 6 illustrates a decreasing ratcheting strain with increasing i m , as well as the large reduction in ratcheting rate predicted by the OW model compared to the AF model. Clearly, models intended for use in computing surrogate driving force measures for intergranular fatigue crack formation at the individual grain level that include ratchet strain accumulation [20] will be sensitive to the slip system back stress constitutive law for Al 7075-T6. Moreover, Figure 3 demonstrates that it is also necessary to consider more sophisticated slip system kinematic hardening models such as the OW model to compute local driving force measures based on cyclic plastic strain range for transgranular fatigue crack formation. Another interesting feature in Figure  6 is the crossover around cycle 60 in predicted ratcheting strain per cycle by the AF model and OW model with 12 mm  = 10. This indicates the tendency of the OW model to approach a saturated ratcheting strain per cycle in fewer cycles than the AF model. 
Model Performance at Various Applied Strain Amplitudes and Mean Strains
Additional simulations were conducted to evaluate the performance of the OW model over a range of applied cyclic strain amplitudes and mean strains selected to match those considered by Arcari et al. [19] . All of these simulations were conducted with uniaxial strain-controlled loading conditions and for 100 computational cycles using the same representative microstructure instantiation ( Figure 1 ) and 12 mm  = 70. The mean stress relaxation results from these simulations are compared to data from Arcari et al. [17] in Figure 7 , with simulation data represented by dashed lines, and the experimental data by solid lines. The experimental cycle data are scaled by the reported fatigue life of the specimen, and for the simulated mean stress relaxation data 100 computational cycles is taken to correspond to the specimen half-life, allowing all data to be plotted together. In the regime of applied strain amplitudes between 0.63% and 0.4%, the agreement between the experimental results of Arcari et al. [19] and the simulations is adequate, with absolute errors of less than 10 MPa. However, at applied strain amplitudes of 0.675% and 0.72%, agreement between the model and experimental results diminishes, with absolute errors in excess of 50 MPa. This is obviously due to the lack of consideration of transient cyclic softening behavior at this higher applied strain amplitudes. Of course, fatigue life is very short at these higher amplitudes.
Discussion
The two slip system level kinematic hardening relations discussed in this paper were examined as part of an effort to model microstructurally small crack formation and early growth in Al 7075-T6. Such an application demands accurate prediction of local plastic strains within individual grains under HCF loading conditions, in which the macroscopic total strain range is comparable in magnitude to the macroscopic elastic strain range. We argue that consideration of cyclic strain ratcheting and mean stress relaxation under asymmetric applied loading at low strain amplitudes is an effective surrogate response for local, grain level behavior, compared to overall stress-strain behavior. Of course, in situ experimental measurement of grain level cyclic deformation responses via digital image correlation, for example, would provide even more information for comparison, but measurement errors are challenging in this low amplitude regime of loading and only the sample surface can be accessed. In this study, the OW model is superior to the AF model, due to its capability to better capture overall hysteresis response, cyclic plastic strain range, and mean stress relaxation response, at small applied strain amplitudes typical of the HCF regime. Comparison to experimental data showed that the OW model was capable of accurately modeling ratcheting and mean stress relaxation behavior observed experimentally for this alloy at the applied strain amplitudes of interest.
The improved agreement with experimental data at small applied strain amplitudes offered by the OW model stems primarily from the multiple component back stress implementation which partitions the slip system level back stress evolution into short and long term components. Multiple component back stress implementations of the AF model are common in the literature for J2 plasticity at the level of the overall polycrystalline response, going back to early works of Chaboche [5] [6] [7] , Ohno and Wang [2, [21] [22] , McDowell [4, 23] , and Hassan and Kyriakides [24] . Thus, the AF and OW models differ in terms of the nonlinear dependence on the magnitude of the back stress in the dynamic recovery term (2 nd term on RHS in Eqn. (10)). This can be seen through manipulation of a single back stress version of Eqn. (10) 
Equation ( As discussed earlier, it is often tacitly assumed that the intergranular interactions are somehow responsible for modifying the polycrystalline response to account for proper description of ratcheting. However, this does not appear to be the case for Al 7075-T6, which is characterized by slip in a high symmetry FCC crystal structure, relatively low elastic anisotropy, and propensity for dislocation cross slip. This understanding has important consequences for microstructure-sensitive fatigue modeling [30] [31] [32] that purports to assess local driving forces within grains or near interfaces to form and grow small fatigue cracks. The importance of slip system kinematic hardening rules in this regard has not always been acknowledged in such studies (cf. [20] ). Moreover, Feaugas and colleagues [33] [34] have clearly demonstrated the importance of slip system back stress on cyclic ratcheting by virtue of internal stresses associated with intragranular dislocation substructure. These studies are in agreement with our interpretation of Eqn. (19) , which suggests that OW model is capable of representing the dynamic recovery of mesoscale structures.
One complication introduced by the Ohno-Wang type kinematic hardening formulation is that the evolution of the back stress with respect to changes in the sign of 
Conclusions
Motivated by the desire to model cyclic plastic strain response at the grain level in polycrystals to support microstructure-sensitive computational exploration of the formation and early growth of microstructurally small fatigue cracks [30] [31] [32] , we have examined two crystal plasticity constitutive models for slip system nonlinear kinematic hardening of the cyclically stable stress-strain response of Al 7075-T6. Kinematic hardening was introduced at the slip system level as a result of early exploration that indicated its necessity in matching hysteresis loop shapes and mean stress relaxation behavior; intergranular interactions were otherwise too weak for this high slip symmetry, low elastic anisotropy FCC alloy system. The performance of the models in simulating cyclic stress-strain behavior was compared under symmetric and asymmetric strain-controlled cyclic loading for multiple applied strain ranges. Although each of the models was calibrated to the same completely reversed, uniaxial cyclic stress-strain data, there are substantial and important differences in the responses of the models at small applied strain amplitudes and when loaded cyclically with a mean strain. Under strain-controlled loading with mean strain, the AF model both dramatically over-predicted the degree of mean stress relaxation and exhibited significant ratcheting strains that are known to be an artifact of the model form. Much better agreement was obtained via implementation of a multiple back stress Ohno-Wang type hardening law with nonlinear dynamic recovery at the slip system level. To summarize, the advantages of a two-term Ohno-Wang type formulation of the back stress evolution law over the classical Armstrong-Frederick model for Al 7075-T6 at the slip system level are:
 Enhanced ability to capture the magnitude of the experimentally observed cyclic plastic strain range over a larger range of applied strain amplitudes, most notably for low amplitudes in the HCF regime.  Increased ease of fitting experimental responses.  Ability to match experimental mean stress relaxation data under asymmetric strain-controlled cycling with mean strain through selection of i m , which has only a minor effect on the shape of the completely reversed hysteresis loops.  Ability to rapidly approach a nearly saturated value of cyclic plastic strain range when loaded with an imposed mean strain.
Despite slight increases in computational cost, the adoption of an Ohno-Wang type of back stress evolution law significantly enhances the predictive accuracy of the model under both completely reversed and asymmetric loading conditions. To our knowledge, this is the first time such a general nonlinear dynamic recovery back stress formulation has been employed in a crystal plasticity model at the slip system level. More general forms of slip system level hardening-nonlinear dynamic recovery relations for back stress evolution were discussed, motivated by slip system interactions with meososcale dislocation substructures.
